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1 Contravariant and covariant vectors

1.1 The definitions of contravariant and covariant components

The purpose of this text is to be an introductory text to what tensors are and where
they come from. To achieve this goal understanding of what contravariant and covariant
vectors are is essential. Therefore this text begins with the definitions of these concepts.

Definition of contravariant components of a vector The contravariant compo-

nents (a',a?, ..., a") of a n-dimensional vector v with respect to the linearly independent
vectors Xi,Xa, . .., X, (called coordinate azes) are defined by:
v =a'x; +a’xy + - + a"x,, (1)

Definition of covariant components of a vector The covariant components (b1, b,
..,by) of a n-dimensional vector v with respect to the linearly independent vectors

X1,X2,...,X, (called coordinate azes) are defined by:
by = v-x
by = V-Xg
(2)
b, = v-x,
Why the components (a!,a?,...,a") are called contravariant and (by,bs, ...,b,) are

called covariant is explained on page 2. Problem 1 illustrates how to compute the con-
travariant and covariant components of a given vector.

Problem 1 Given the vectors x; = (1,0), x3 = (1,2) and v = (1, 2).

a) Determine the contravariant components (a!,a?) of v with respect to the vectors
x1 and Xo.

b) Determine the covariant components (b1, by) of v with respect to the vectors x;
and xs.

Solution 1a The vectors x; and xo are clearly independent. Using the definition of
contravariant components of a vector

v =a'x; + a’xy (3)



This is an equation system

Using Cramer’s rule
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Thus (a',a?) = (0,1).

Solution 1b Using the definition of covariant components
by =v-x1=(1,2)-(1,0) =1 (8)

bQZV'X2:(1,2)'(1,2):5 (9)

Thus (by1,b2) = (1,5).
Notice that in this example (a',a?) # (b1, ba).

Important! Generally the contravariant and covariant components of a vector are dif-
ferent. But when the “coordinate axes” xi, ..., X, are orthonormal (they all have unit
length and and are orthogonal) there is no difference between contravariant and covariant
components!

1.2 Why the components are called contravariant and covariant

Problem 2 Why are the components of a vector v defined by (1) and (2) called con-
travariant and covariant components?

Solution 2 If the coordinate axes are scaled by a factor of ¢, then the contravariant
components become c times smaller but the covariant components become ¢ times greater.
Thus the contravariant components of a vector scale against the coordinate axes and the
covariant components scale with. In Latin contra means against and co means with.
Thereof the names contravariant and covariant components. Problem 3 illustrates this.

Problem 3 Given the vectors x; = (¢, 0), x2 = (¢,2¢) and v = (1, 2).

a) Determine the contravariant components (a',a?) of v with respect to the vectors
x;1 and Xs.

b) Determine the covariant components (b1, by) of v with respect to the vectors x
and Xs.



Solution 3a The equation system now becomes
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Thus (a',a?) = 1(0,1).

Solution 3b Using the definition of covariant components
b1:V'X1:(1,2)‘(C,0):C (13)

by =v-x2=1(1,2)(c,2c) = 5¢ (14)
Thus (bl,bg) = 6(175)

1.3 Why the contravariant and covariant components are inter-
esting

Problem 4 Why are only the definitions (1) and (2) of the components of a vector
interesting? For example, it’s possible to define components

C1 = V- X1/|X1|
2 = V-Xa/[xs
(15)
Cn = V- -Xp/|Xnl
Why not also give the components (c1,¢s,...,¢,) a name? Why are the contravariant

and covariant components so “important” that they have been given names?

Solution 4 When parametrizations of the Euclidean plane and tensors of first order
have been explained, it is shown on page 7 how the definition of work in physics give rise
to contravariant and covariant components.

Problem 5 What is the definition of the Euclidean plane?

Solution 5 Intuitively the Euclidean plane can be imagined as a flat piece of paper.
In this paper one can introduce two orthogonal coordinate axes usually denoted z- and
y-axes. Two numbers z and y can then be measured to describe the position of a point.
How is a point defined? Instead of saying that the two numbers describe the position of
a point, the two numbers are defined to be a point.



Definition of the Euclidean plane The Euclidean plane is defined as the set of all
ordered 2-tuples r = (z,y) called points where z and y are real numbers.

That the 2-tuples are ordered means that (z,y) # (y,z) < = # y.

Definition of a parametrization of the Euclidean plane A parametrization of
the Euclidean plane is a specification of unique coordinates (u!,u?) (where u! and u? are
real) to every point in the plane.

r(ul,u2) = (Jj(ul,UQ),y(ul,UQ)) (16)

This text does not consider all possible parametrizations but restricts itself to allowable
parametrizations.

Important! Notice that coordinates (in a parametrization) are NOT written with sub-
scripts (u1,us) but with superscripts (u',u?). The 2 reasons for this will be explained
on page 777. It’s not explained here in the text because the explanation requires the
Einstein summation convention and contravariant tensors of first order.

Definition of an allowable parametrization of the Euclidean plane An allowable
parametrization of the Euclidean plane satisfies:

i) Every point in the Euclidean plane is given unique coordinates (u!,u?) where

(ut,u? € R)
r(ul,uQ) = (x(U“l?uQ)?y(ul?uQ)) (17)

ii) The vectors 8‘9:1 and 88;2 are defined everywhere, linearly independent and # 0.

Some examples of allowable parametrizations:

Problem 6 Determine which of the following parametrizations which are allowable para-
metrizations.

a) r = (ul,u?)
b) r= (u! +u? + (u?)3,2u?)

Solution 6a The parametrization r = (u', u?) leads to

or
gt = 10)
or (18)
g = (O
It is clear that the vectors 6((’2"1 and 8‘2:”2 are defined everywhere, linearly independent and

£0.



Solution 6b The parametrization r = (u! + u? + (u?)?,2u?) leads to

or

-7 = (1,0)

55; (19)
92 = (1+3(u?)?,2)

Here the vectors % and % are defined everywhere. They satisfy # 0 because (u?)? > 0

and are linearly independent. Notice that the vector % is dependent on the point under

consideration. This example shows that the vectors % and % may be different from

point to point.

Problem 7 Why is the second requirement (ii) important in the definition of allowable
parametrizations?

Solution 7 The second requirement (ii) guarantees that a vector defined at a point in
the Euclidean plane always can be written as a linear combination of % and % defined
at the point.

Important! From now on when coordinates are introduced in the Euclidean plane it
is assumed they are allowed parametrizations.

Problem 8 Why is the letter r used to define a point? Why not use the notation
p = (z,y) instead, where the letter p has been chosen since it’s the first letter in the
word point as is done in the book Elementary differential geometry by Barret O’Neill?

Solution 8 This text follows the notational convention used in the book Vektoranalys
by Anders Ramgard. Ramgard does not explain why he chose r to denote a point or
vector in Euclidean n-space. It may be because of the following three reasons:

(i) In Euclidean 2-space where r = (x,y), one can introduce a parametrization (r, ¢)
called polar coordinates r = (r cos ¢, 7 sin ¢). Notice that the length of the vector
r is |r| = r, where r originates from the word radius (here radius of a circle).

(ii) In Euclidean 3-space where r = (x,y,z), one can introduce a parametrization
(r, ¢, 0) called spherical coordinates r = (7 sin 6 cos ¢,  sin 6 sin ¢, cos ). The length
of the vector r is |r| = r, where r originates from the radius of the sphere.

(iii) Euclidean n-space is denoted R™, where the letter R here comes from the word real.

2 First order tensors defined on the Euclidean plane

The following problem leads to the definition of contravariant tensors of 1:st order.

Problem 9 Let a vector v be given by the contravariant components (a', a?) at a fixed
point P in the Euclidean plane using the coordinates u', u?:

Or o

v=d'" ta (20)



1

Using another coordinate system %', %2, the contravariant components of the vector v

are (a@',a?) and v can be written:

v=a'— 4+ — (21)
m
What is the relation between (a',a?) and (@',a®)? Express (@',@?) as a function of
(at,a?).

Solution 9 Using the chain-rule (here a = 1,2):
or  Or ou'  or ou? (22)

ue ~ ou' due " ou2 due

. . . 1 —2
It is allowed to use the chain-rule here since 2%, 2% 9% apd 9%
oul’ ou?’ Odu ou

. a7l 2 . . . .
functions. That g}ja and 3Zfa are continuous functions is shown in problem 11. Now

using equations (20), (21) and (22) leads to expressing (@', a?) as a function of (a!,a?)

are continuous

v = a1ﬁ + a2ﬁ
oul ou?
ST Y NEL
ou' oul = 9u? Oul ou' Ou? ' 9u? Ou?

23
(T w0 O (aw Lo o )
o Oul ou? ) out Oul ou? ) ou?
or or
_ -1 0r o 0r
T om0
Identifying the coefficients in front of 68;1 and a@ﬂt‘z in the last two steps
_ out out
al :alw +a2w (24)
ou? ou?
2 _ 1 2
Summarizing (here 5 =1, 2):
_ o’ o’
aﬂ :alw +a2w (26)

Equation (26) is the source of inspiration for tensors (1:st order contravariant tensors).
There are two kinds of tensors of 1:st order:

Definition of a contravariant tensor of 1:st order (or a contravariant vector)
on the Euclidean plane Let a 2-tuple of real numbers (a', a?) be associated with a
point P in the Euclidean plane with coordinates u', u?. Associate also with the point P
a 2-tuple of real numbers @', @® with respect to the coordinates @', 2. If these numbers

satisfy:
ou’ ou’
= 0 20 (27)
oul ou?
we say that a contravariant vector at P is given. The numbers a', a? and @', @? are called

the components of the contravariant vector in the respective coordinate systems ul,u?

or w!',w?. Contravariant vectors are indicated by a superscript index.



Definition of a covariant tensor of 1:st order (or a covariant vector) on the

Euclidean plane Let a 2-tuple of real numbers (b, b) be associated with a point P

in the Euclidean plane with coordinates u',u®. Associate also with the point P a 2-tuple

of real numbers by, by with respect to the coordinates @', @w?. If these numbers satisfy:
out 8u2

P (28)

we say that a covariant vector at P is given. The numbers b;, by and by, by are called the

components of the covariant vector in the respective coordinate systems u', u? or @', u>.

Covariant vectors are indicated by a subscript index.

Problem 10 Determine if the vector (du', du?) is contravariant, covariant or neither.

Solution 10 The vector (du', du?) is a contravariant vector since the components du'

and du? transform contravariantly under change of coordinate system from (u',u?) to
(u',u?) accordning to the chain-rule
out 5 Oul
du' = du' — + du® 29
U o + T2 (29)
ou? ou?
du? = du' — + du® — 30
B o’ o (30)
Summarizing:
1 ou” 50U
du? = dut ooy + du a% (v =1,2) (31)

That the vector (du',du?) transforms contravariantly is part of the reason why coordi-
nates are written with superscripts.

Returning to problem 4 posed on page 3 Why are the contravariant and covariant
components so “important” that they have been given names?

Solution When calculating the work performed by a force on a particle under an in-
finitesimal displacement in the Euclidean plane, its natural to assume that the work
performed is independent of the coordinate system used. If the work performed is inde-
pendent of the coordinate system then it turns out that if the displacement is expressed
by its contravariant components then the force must be expressed by its covariant compo-
nents. To see this, assume that a force F is exerted on a particle which moves (du!, du?)
in an ordinary Cartesian coordinate system r = (u!,u?). The work done dW is

dW = Fidu' 4+ Fydu? (32)
With new coordinates (u',u?), the force is F = (Fy, F5). We would like to write
dW = Frdua' + Fydu® (33)

What then is the connection between (Fi, F») and (Fy, F5)? Using the fact that du' and
du? transform contravariantly
ou”

du" = du ‘2— + dﬂQaT (34)



dW = Fidu' + Fadu?

8 1 . 8 1 8u2 ou?
out ou? out ou?
=(F F. du* + | Fl— + Fy— | du®
( Yout T ) ( o T Za@ﬂ) g
= Fydu' + Fydu®
Identifying:
out ou?
F Fi— 7l + Fga (36)
out ou?
F F182+F262 (37)
Equations (36) and (37) can be summarized by:
out ou?
Fs=Fios+ P (38)

Comparing (38) and (28) shows that the components (F, F) must transform covariantly
if the work performed by the force is independent of the choice of coordinates used.

Problem 11 A contravariant 1:st order tensor is a 2-tuple of real numbers (a!,a?) that
is transformed under change from coordinates (u',u?) to (u',u?) as:

5 0’ L ou’

E—a%-l-aw (39)

But is it obvious that ng and ?)u always exists? It is sufficient in this problem to

investigate if aﬁi exists under change of allowable parametrizations (it is not difficult
to generalize). If 0“ doesn’t always exists, then a first order tensor is defined by an
expression that is not always defined. How can one define something by something that

is not defined???

Solution 11 The expression a is always well defined under coordinate change between
allowable parametrizations. To see this, use ! = u!(x,y) and the chain rule:
out B out ox  ou' Oy

w—%wwi,w (40)

. 771 .
The expression 2% is defined if ou. Oz o

(it is then also allowed

oul Oz’ dul’ Oy

to use the chain-rule). Since 2% = (ax(gu1u2)7 6y(gu{u )} is well defined according to the
definition of allowable parametrizations = 8851 59”1 are defined. But is £ and 3“
defined? Since 8651 and 8‘9;2 are defined, the differentials dr and dy can be ertten

Oz 893 »

dy al + dy . o

dy = —=du du 42
Y= w ™ T om (42)

dzx e o\ (dut
(dy> - <£i’ o) \duw’ )



Using Cramer’s rule:

ox
dz g
d Oy Oy Ox_
dul = Y oz _ ou? do — ou?
ox Oz dxr Oy _ Oy Oz dxr Oy _ Oy Oz
Jut  Ju3 ou' ou? ou' ou? out ou? oul ou?
3y Jy
ou ou?
If 2 W’ %Ly are defined then d@' can be written:
ou' ou'
dut = —dx + —dy
0 0
Identifying:
1 9y
ou oz
T Oz Oy _ Oy Oz
Oz ul ou? oul ou?
1 Oz
3u _ Ju2
T Oz 9y _ 9y Oz
ay oul ou? oul ou?
i Oz 9y _ Oy Oz ;g ;
The denominator 5T 5z — Hul paz 1S equal to the determinant
ox ox
YTl 772
5 %
out  ou?
which is equal to tthe area spanned by the vectors aaf S -

or
i
are defined since a

81‘

since and

defined, and hence the left-hand 81des

U

Problem 12 Determine if the vector 577 is contravariant, covariant or neither.

or

dy

are two linearly 1ndependent vectors 75 0. The nominators

% is always defined under coordinate change between allowed parametrizations.

(48)

and -Z;. And this area is # 0
8y and a”’
(46) and (47) are

and 3“ are also defined. Thus the expression

from u® to uP.

Using the chain-rule
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o ovout | or ow?
ou’  oul ou”  Ou? HuP
or

This means that 575 does not define a contravariant nor covariant vector, but it is

(53)

the “vector” ( 98:17 88;2) that transforms covariantly. Covarians is usually denoted by a
subscript, which inspires the following notation that is frequently used

_ o

= Bue (54)
Or
. (55)
Using this notation, it’s possible to write
out ou?
rg=ri—7 +ro—> 56
o o T o (56)

Problem 13 Do the covariant components bg of a vector v (eq. (2) defined on page
1) with respect to the coordinate axes ry and ry transform covariantly according to the
definition of covariant 1:st order tensors?

bﬁ =V- I‘B (57)

Solution 13 Yes, they do.

bg=v-15

=V - (r 671,41 + Tr altz)

- You? T ouP

aul au2 (58)
ot o

Out ou?

— by by
ow? 2 P

=(v-r1)

3 First order tensors defined on Euclidean n-space

3.1 The generalization

Mathematicians like to generalize things. How can 1:st order tensors defined on the
Euclidean plane be generalized? Probably the first obvious generalization is to generalize
from to the Euclidean plane to Euclidean n-space.

Definition of Euclidean n-space Let n be a positive integer. Euclidean n-space is
defined as the set of all ordered n-tuples r = (p1,...,p,) called points where py,...,p,
are real numbers (the index k of p; does not imply covarians, but is only an index).

Definition of an allowable parametrization of Euclidean n-space An allowable
parametrization of Euclidean n-space satisfies:

i) Every point in Euclidean n-space is given unique coordinates (u',...,u") where
(ul,...,u™ € R)

r(ut,...,u™) = (pr(ul, ..., u"), .. pa(ut, .. u™)) (59)

10



ii) The vectors aaurl s 8?;

are defined everywhere, linearly independent and # O.

As before, when coordinates are introduced it is assumed they are allowed parametriza-
tions. Generalizing problem 9:

Problem 14 Let a n-dimensional vector v be given by the contravariant components

(al,...,a"™) at a fixed point P in Euclidean n-space using the coordinates u!,... u™:
or or
1 n
_ . - 60
M toota oun (60)

1

Using another coordinate system u",...,u", the contravariant components of the vector

v are (a',...,@") and v can be written:
or Jr
Vzalﬁ—‘r"'—Fan?un (61)

What is the relation between (a',a?) and (@',a®)? Express (a@',@?) as a function of
(at,a?).

Solution 14 Using a similar argument as in problem 9
ou’

i T n-~ 2
8u1+ +a EWD (62)

ou’
a’ =a'

Therefore the generalization of 1:st order tensors to be defined on Euclidean n-space
becomes:

Definition of a contravariant tensor of 1:st order (or a contravariant vector)
on Euclidean n-space A contravariant tensor of 1:st order is a quantity whose n
components a® are transformed according to

ou’ ou’
1 n

e — 63
out ta oun (63)
under change of coordinate system in Euclidean n-space.

Definition of a covariant tensor of 1:st order (or a covariant vector) on Eu-
clidean n-space A covariant tensor of 1:st order is a quantity whose n components bg
are transformed according to

out ou™

under change of coordinate system in Euclidean n-space.

3.2 The Einstein summation convention

Here it is convenient to introduce the Einstein summation convention that is used ex-
tensively in tensor analysis! and relativity theory. The point of the Einstein summation

IThe term tensor analysis was coined by Einstein in 1916.

11



convention is to simplify notation. Consider the definition of 1:st order contravariant
tensors. The notation may first be simplified by the introduction of a summation sign:

ou o’
8 _ 1 n
a=a 5+...+ta —
oul ou™ (65)
n W—
DI
= ou®
This sum is written in the Einstein notation as:
S o 20 00 .
o — =a"—
ou® ou®
a=1
In the expression ggi the index ( is considered superscript and the index « is considered

subscript.

SUMMATION CONVENTION If in a product a letter figures twice, once as su-
perscript and once as subscript, summation must be carried out from 1 to n with respect
to this letter. The summation sign > will be omitted.

For example

a%bo =Y a%b = a'by + a’by + -+ + a"by (67)

a=1
Applying the Einstein summation to the definition of 1:st order covariant tensors:

371£1+ _|_bain
naﬂﬁ

Equation (20) on page 5 can be written
v =a"rg (69)

Rewriting equation (56) with the Einstein summation notation (and of course generalized

to Euclidean n-space)
du®
I'E = I‘aﬁ (70)
An index with respect to which summation must be carried out is called a summation
index or dummy index. The other indices are said to be free indices. Dummy indices

may be changed during computations without warning, for example

a®b, = a'b; = a'by + a®by+ -+ + a"by, (71)
a®by + a’cy = a“(ba + ca) (72)
Problem 15 Why are the coordinates (u',u?,...,u™) written with superscripts?

12



Solution 15 One could be led to believe that the vector (ul,u?,...,u") transforms
contravariantly under coordinate changes because the indices of the coordinate variables
are written with superscripts. This is not true. It is the vector (dul,du?,..., du™)
that transforms contravariantly. In expressions du®, %, 8‘% the index « is considered
superscript and ( subscript. This convention together with the Einstein summation

convention simplifies the tensor notation.

4 Higher order tensors

Now that first order tensors are generalized to be defined on Euclidean n-space, can
the tensor concept be generalized further? Yes, it can and the way first order tensors
are generalized is inspired by the definition of work in physics. The following problems
illustrate this.

Problem 16 Let a“ be the contravariant components of an arbitrary vector v which

T . .
means @' = a® g::a . Consider the expression

I =b,a" (73)

Show that if I is invariant under coordinate change, then b, are the covariant components
of a vector w which means b, transforms covariantly.

Solution 16 Let a7, 57 be the components with respect to the coordinate system u®.
Since [ is invariant

I=0,a" =bya® (74)
Inserting @” = gfl a®
- ou o
by—auaa =bya (75)
This expression is valid for an arbitrary a®. Thus it’s possible to identify
- ou’
— =, 76
’Yaua ( )

Multiply both sides with 3“7; and sum with respect to a from 1 to n

- ou” ou® ou®

———= =boa—> 7
T Oue o’ ou? (77)
Here is now used 5T Iy
uY Ou
— = =5 78
oue g’ A (78)
where 5} is the Kronecker delta which is = 1 when § = v and = 0 otherwise. Equation
(78) follows from the fact that the variables @', w?, ..., u" are independent and the chain-
rule
oo
B o
= 8—#8—1} + @67112 +o 4 @5% (no summation over n) (79)
- oul gur T ou? oY oum ou”
_ow o
- Ou® gu’

13



This means

ou®
bvég = bq 57 (80)
- ou®
bg =by——= 81
B 9P ( )

Thus b, transforms covariantly. This problem can be generalized, for example to define
2:nd order covariant tensors as in problem 17 and 2:nd order contravariant tensors as in
problem 18.

Problem 17 Let b® and ¢ be two arbitrary contravariant 1:st order tensors. Consider

I = anpb®c” (82)

If I is invariant under coordinate change, determine the transformation behaviour of aqg.

Solution 17 Since I is invariant

I =Tub & = anpb®c? (83)
Inserting b =™ —gg: and ¢ = ¢? —gg;
o ot
_ = fet B8 _ a B
I = A\ (b 8u‘¥> <C 8u5> = aagb C (84)

Since b and ¢” are arbitrary it’s possible to identify

_ our o
aaﬁ = a,w)\aﬁw (85)
Multiply both sides by g%‘z g%f and sum with respect to both « and § from 1 to n
ou® ouP o du® o ouP
0o = G+ e ——— = T\ 0“0 86
Yeb g ga” ~ YN oue ow ouP o Mm% (86)
_ ou® ouP
G = Qb i o (87)

If I is invariant under coordinate change then a,p defines a 2:nd order covariant tensor.

Definition of a covariant tensor of 2:nd order defined on Euclidean n-space
A covariant tensor of order 2 is a quantity whose n? components a,s are transformed
according to

ou® ou”

e = G5 oot G

(88)

under change of coordinate system in Euclidean n-space.

Problem 18 Let b, and cg be two arbitrary covariant 1:st order tensors. Consider
I =aPbyes (89)

If I is invariant under coordinate change, determine the transformation behaviour of a®”.

14



Solution 18 Since [ is invariant
I = @b, = a®Pbycp (90)

.= e _ B
Inserting b, = bag% and ¢\ = ng%

le% B
= (bZ‘Z) (ﬁg;x) = a*bacy (91)

Since b, and cg are arbitrary it’s possible to identify

ou® o
af _ ZwA 2
“ 0w o %2)
Multiply both sides by gzz % and sum with respect to both a and  from 1 to n
aut ou” ou® o ou® ou”
af _ —wA _ 70.))\6/,1,51/ 93
oue P " 0ue oue gwd ouP ¢ 0 (93)
ou* ou”
auv _ o 4
“ ¢ ue ouP (94)

If I is invariant under coordinate change then a®? defines a 2:nd order contravariant
tensor.

Definition of a contravariant tensor of 2:nd order defined on Euclidean n-space
A contravariant tensor of order 2 is a quantity whose n? components a®? are transformed
according to

aut ou”
Ou” Juf
under change of coordinate system in Euclidean n-space.

Y — 0B

(95)

Now, there is a third kind of tensor, the mized 2:nd order tensor.

Problem 19 Let b, be an arbitrary covariant 1:st order tensor and ¢® an arbitrary
contravariant 1:st order tensor. Consider

I=a,bcs (96)
If I is invariant under coordinate change, determine the transformation behaviour of a,®.
Important! Notice that a,” is not written as a. This is because in tensor notation
it’s not only if the index is superscript or subscript that matters, but the position is also
important. This has to do with the possibility of associating a new tensor with a given

one through the metric tensor by raising or lowering an index and is explained later in
this text.

Solution 19 Since [ is invariant

I=a,b"e\ = a,’b%cs (97)
Inserting b = b~ gz: and ¢y = 05%
o~ ouP
— = A _
1= (%m) <C’8W ) = 4% (68)
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Since b and cg are arbitrary it’s possible to identify

ou® ouP
B _ = A
A" =0 5 T ox (99)
Multiply both sides by g%i g%; and sum with respect to both « and § from 1 to n
5 0u® ou” 5 0w du® u’ du”

g A T T T 5 A Sw SV 1
‘o g guP ~  us gu o ouP " kO (100)

v_ g, ﬂau" ou”
® > out ouP
If I is invariant under coordinate change then a,” defines a 2:nd order mixed tensor. It
is covariant to 1:st order and contravariant to 1:st order.

a (101)

Definition of a mixed tensor of 2:nd order defined on Euclidean n-space A
mixed tensor of order 2, contravariant to order 1 and covariant to order 1, is a quantity
whose n? components a,” are transformed according to

v pOu® ou”

E# = a, g W (102)
under change of coordinate system in Euclidean n-space.
Continuing in the same way, to define a general order tensor, consider
=ty 0% 0 b by b, (103)

If I is invariant under coordinate change, then ¢, .., “***"%" defines a mixed tensor,
contravariant to order r and covariant to order s, and transforms as
21 v vs b 9Pz 770
_ BifaBr _ PR ourt ou ou’s 0u’r ou ou

Cpipapis ViV v 9T 92 Ut Oulr Out2  Oulr

(104)

Definition of a general order mixed tensor defined on Euclidean n-space A
mixed tensor, contravariant to order r and covariant to order s, is a quantity whose n”*

[e SR RRRYe 74 3
components ¢, ,,...,., » are transformed according to

121 2 vs B Jzb2 770
- BifabBr _ oy, QU Ou ou”s ou”* ou ou
H1p2: s viva: Vs aﬂ}tl aﬂ,uz %#s aual aqu auar

(105)
Problem 20 What’s the definition of a zero order tensor?

Solution 20 A zero order tensor is defined as a scalar. Why is this so? For example,
a 2:nd order tensor has n? components, a 1:st order tensor has n' components, and thus
a zero order tensor should have n® = 1 components.

Now that the tensor concept has been introduced, the rest of this text is devoted to
explaining why tensors are written c @razr and not ¢Sz,

ViV Vg ViV Vg

4.1 The connection with vectors and matrices

Here it is convenient to give a first motivation to why a 2:nd order mixed tensor written
as a,”, instead of a®. When 1:st order tensors are viewed as vectors and 2:nd order

tensors are viewed as matrices, the convention is to let the first index « in a,® denote
the row number and the second index (3 denote the column number in the matrix.
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CONVENTION First order tensor: The index denotes the row in a column vector.
Second order tensor: The first index denotes the row and the second index denotes the
column in a matrix.

For example if a,” is defined on the Euclidean plane and a;* = 1, a;% = 2, a,! = 3,
ay? = 4, then this can be written in matrix notation

@=(5 1) (106)

If bg is defined on Euclidean 4-space and by = 1, by = 3, b3 = 5, by = 7 then this is
written as a column matrix

(bg) = (107)

~ Ot W

If the tensor notation would be a® where a and 3 are right on top of each other, then
with the above convention it would not be possible to decide which index denotes the
row and column in the matrix. Maybe one could choose the convention so that the lower
index always denotes the row and the upper index always denotes the column. But then,
which index denotes the row in the tensor a®??

4.2 The Kronecker delta and symmetric tensors

In equation (78) the Kronecker delta 4, was only introduced as a symbol that takes the
value 1 when g = v and 0 otherwise. But the Kronecker delta is more than a symbol. In
a given coordinate system u® it is defined as

L, ou”
O = Out

(108)

and is a mixed second order tensor, contravariant to order 1 and covariant to order 1. If
the lower index p denotes the row and v the column then 4, can be written

10 - 0
. 01 --- 0
G=1. . . . (109)

Notice that the indices over the Kronecker delta tensor is written on top of each other
and not ¢,” nor 6”,. This is because one can change places of the indices §;; = d%.
A tensor with this property is called a symmetric tensor and it does not matter which
index denotes the row and which index denotes the column. Since it is a mixed tensor it
transforms as

3 =8 Ou® ou*
» > ou” ouP
~ Ou®™ out
o Qu~ (110)
_ ou"
o
= §"
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Thus the Kronecker delta tensor has the same components in all coordinate systems.
In Cartesian coordinate systems where there is no difference between contravariant and
covariant components it is usually written with both indices subscript 6, .

4.3 Matrix multiplication and contraction

When doing calculations with 1:st and 2:nd order tensors, it sometimes simplifies cal-
culations to take advantage of matrix multiplication. The following problem illustrates
this.

Problem 21 Let A,g and B*8 be two 2:nd order tensors given by

(o) = (5 3) (1)

o 4 3
)=y 1) (112)
Calculate AMBVB!

Solution 21 One way of solving this problem is to write out what the expression
AMB"YB is short hand notation for and calculate each case individually:

A B + AjpB2! )
A1 B"” + A;,B* ) (113)
Ap B + Agy B2 )
A9 B + Ay B*? )

Here is an alternative solution is given. In this problem it’s advantegous to make use of
matrix multiplication. Assume there is a tensor C? = A,,B7", where the indices o and
B in C? are written right on top of each other because it’s not yet decided which index
denotes the row and column. Writing out what the expression C? = A, BY? is short
hand notation for

Cl = A BYM + A,B*
C} = AuB" + A1, B?

Cy = Ay B + Ay B*! (1)
C2 = Ay B'? 4 Ayy B?
Rearranging
Cl = A BY + A,B*
Cy = A9 B + Ay B*! a15)

C? = AuB" + A;pB?
C2 = Ay B 4 Ay B?

Cll _ A11 A12 Bll
(el) = (i 52) (s e
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012 . A11 A12 Bl2
() - (i 22) (G o

C21 022 o Agl A22 le B22
Notice that in the matrix with the A:s and B:s, the o denotes the row and § the column

in A, and B*P. Considering the matrix with the C:s, we let a denote the row and j3
the column in C? and writes this from now on C,#. Thus

Cll C12 B All A12 Bll BIZ (119)
021 022 o A21 A22 B21 322

Or in tensor notation C,” = AMBW. Returning now to the original problem, where the

solution is given by
1 2\ /4 3
By —
en=(5 1))

Or even more compact

120
e s (120)
~\20 13
Notice that the method used in this problem can be generalized. If instead
Ay A o Agy
A1 Ay oo Agp
(Aap) =] . S (121)
Anl An2 T Ann
Bll BlQ .. Bln
BZl B22 .. B2n
By =| . L (122)
Bnl Bn2 .. Bnn
then C,” = A, B is given by
All A12 . Aln Bll Bl2 . Bln
Agr Axy -+ Aoy B* B* ... B
chH=1 . - . S : (123)
Anl An2 . Ann Bnl Bn2 . Bnn

If we put two indices, a contravariant and a covariant, equal to each other in a mixed
tensor and sum with respect to this pair of indices we obtain a tensor of order one less
contravariant and one less covariant. This process is called contraction of the given
tensor. Contraction of a mixed tensor of second order for example a,” gives a scalar

a,* =a,t fay>+ - +a," (124)
Rule to memorize If two 2:nd order tensors are multiplied with each other (for exam-
ple AMBW or AO‘A/BW? ) and the column index of the tensor with matrix representation

A is contracted with the row index of the tensor with matrix representation B then the
resulting tensor can be calculated by matrix multiplication AB.
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4.4 The metric tensor
Problem 22 Given the contravariant components a” and the vectors rg, determine the
covariant components a.,.
Solution 22 Using the definitions of contravariant and covariant components, equa-
tions (2) and (56) on pages 1 and 10, a, =1, - v and v = a’rp
Qo =Tq -V =T, -aﬁrg =r, -r,gaﬁ (125)

Here it is convenient to introduce the metric tensor g,s which is defined as:

JaB =Ta T (126)
Thus

o = gapa’ (127)

Problem 23 Show that the metric tensor g,g is a 2:nd order covariant tensor.

Solution 23 According to the definition of the metric tensor g,g

G =TE Tw

_ <r W) . (r 5“6)
> oat P o
o 0u? (129
out ou”
B ou® ouP
= 908 5 gu

which shows that the metric tensor g,g is indeed a 2:nd order covariant tensor.

=Ty Ipg

Problem 24 In problem 22 the covariant and contravariant components are related
through the metric tensor as a, = gagaﬁ. When memorizing this formula, how shall one
remember that it is a, = gaga” and not a, = ggaa’?

Solution 24 The metric tensor is by definition a symmetric tensor gog = gz~ and thus
both expressions are correct.

Problem 25 Given the covariant components ag and the vectors rg, determine the
contravariant components a®.

Solution 25 According to problem 22 the connection between contravariant and co-
variant components is given by a, = gagaﬁ . Assuming we’re working on Euclidean
2-space and since the column index (3 in gag is contracted with the row index 3 in a”
then a, = gagaﬁ can be written in matrix notation as

(Z;) B (ii 322) (Z;> (129)

Problem 26 shows that the matrix (gog) is invertible, and thus it’s possible to multiply
both sides with the inverse matrix (gag) ! which gives

-1
at _ gi1  gi12 ai (130)
a? 921  g22 a2
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There is a tensor ¢*? which is defined as the inverse of the metric tensor:

(9°") = (gap) ™" (131)
Here

(gaﬁ) = (ga,@)_l
-1
_ (911 G12
921 922 (132)
— ; ( 922 —912)
911922 — 921912 \—Y921 9J11

In the Differential geometry litterature one often finds the notation g for the determinant
of the matrix (gng). Here it means that g = g11922 — 921912 and one can write

1 _
afy _ = [ 922 g12 133
(¢°7) g(_gm gu) (133)

which means that g'' = £22, g1? = 2 /g2l = 81 22 = 91 With this notation it’s
possible to write

al g g\ (s
_ 134
( a2 2 ¢ ) \ay (134)
Writing this in tensor notation
a® = g*Pag (135)
Equation (135) is not only valid in Euclidean 2-space but also in Euclidean n-space.

Problem 26 On Euclidean n-space the vectors ry,rs,...,r, are linearly independent
vectors. Show that the n x n-matrix (gog) is invertible

gir g12 - Gin
g21 g22 - G2n

(Gap)=1| . . . . (136)
gnl1 Gn2 - Gnn

where gog =14 - T3.

Solution 26 The proof is divided into two steps. The first step proofs the assertion
when g,p is defined on Euclidean 2-space. The second step proofs the assertion when
gag is defined on Euclidean n-space.

Step 1: When defined on the Euclidean plane the metric 4 components g11, g12, go1,
go2 and this is written in matrix notation as:

(9ap) = (g“ 912> (137)

921  g22

The matrix (gqs) is invertible if and only if it’s column vectors are linearly independent.
Assuming that they are linearly dependent will lead to a contradiction. If they are linearly
dependent, this means there is a real number k # 0 such that

() =+ (22) (139
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Notice that g1o = ry - ro = go1. Notice also that g12 < /g11922. That this is so can be
seen from the definition of scalar product.

gi2 =T1-I2

139
= |r1]|r2| cosé (139)

where 0 < 6§ < 7 is the angle between the two vectors r; and ry. Since r; and ro are
linearly independent the angle # # 0 which means that cosf < 1 and

g12 < |ri||rs]
= «/|r1|2|r2|2 (140)
= V911922

Now using equations

g12 < /911922

=/ (kg12) (%) (141)
= V912921

= g12

Thus we arrive at the conclusion g2 < g¢12 which is obviously not true. Thus the two
column vectors in the matrix (gog) are linearly independent and the invertibilty of (gqs)
follows.

Step 2: Now to prove the general case when g,g is defined on Euclidean n-space. If
two column vectors in the matrix (gog) are linearly dependent there is a real number
k # 0 such that (here « is an integer satisfying 1 <y <n)

Row 1 Jia 918
Row ~ gva | =k | 948 (142)
Row n Ina Inp

for arbitrary integers o and 8 # « such that 1 < «, 8 < n. Row a and row § means
Jaa = kgaﬁ (143)

9pa = kgpp (144)
Using gag = 9gga and gos < \/9aadss

9o < \/Jaadpp

=/ (kgas) (%) (145)

= vV Y9apY9Ba

= Gap

Thus we arrive at the contradiction gos < g3, Which means that the column vectors in
the matrix (gog) must be linearly independent and the matrix (gag) is therefore invertible.
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Problem 27 Given the contravariant components a® of a vector v and the vectors rg,
the vector v can be written
v =ar, (146)

But if the covariant components ag of the vector v were given instead of the contravariant
components a®, the vector v is also specified and therefore there should exist vectors r®
such that it’s possible to write

vV = agrﬁ (147)

Determine the vectors r?!

Solution 27 Since the vectors rg are given, the metric tensor gog = ro-rg is also given.
This in turn implies that the tensor (¢*%) = (gap)~ ! also is given. The relationship
between the contravariant components a® and the covariant components ag of a vector
is given by

a® = g*Pag (148)

Assume that the contravariant components of vector r” is written a®” and the covariant
components of this vector is written a[ﬂ. This means

a®Y = gaﬁaﬁﬁf (149)
Since a®? are the contravariant components it’s possible to write
r’ =a"r, (150)

But
7 =63rf (151)

Y s
Thubaﬁ _5,8

ay _ o af ¥
a®’ =g*ag,
= g5} (152)
= gOé’Y
r’ =g, (153)
Problem 28 Since
GaB =T "I (154)
one could suspect that
g*? =r~.rP (155)

Show that this is so!

Solution 28 Starting with the expression r® - r

re.rf = g™, -gﬁl’r,,

" (156)
= """ g
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Here we shall use g**g,,, = 6, which is a relationship between g“P and g, that is used
a lot in tensor calculations. This follows from (¢*?) = (gag)~!, which means that

gt gt e gt gi1 912 - Gin 1 0 --- 0
921 922 o 9271 921 922 e gon o1 --- 0
. . . . . =1. . : : (157)
gt g e g™ \gni g2 o Gnn 00 -~ 1
Continuing
S A
= 5395” (158)

:gﬁa

Since (gas) is a symmetric matrix, the inverse matrix (g®?) is also a symmetric matrix
which means g** = gf°.

Problem 29 The vectors rg are linearly independent. A natural question thus arises,
are the vectors r” linearly independent?

Solution 29 Yes, they are linearly independent.

4.5 Raising and lowering an index

We have seen that
a® = gaﬁaﬁ r¢ = gaﬁrg (159)

G = gaga’g r, = gagrﬂ (160)

Here we show that generally a,” # a*,

a,” = guaa™

= guag”a’s Hew
= (gua) ((a%5)(9""))

0= (1 ) e
(9*%) = <_21 _11) 1o
() = (; 421) (164)
(a*?) = ((% %) <_21 11) (165)

- (2 1)
(a,) = (i i) (g D (166)

- (4 3)
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4.6 Summary

Definition of a tensor of arbitrary order on Euclidean n-space

Let r, s and n be integers > 1.

e A zero order tensor is defined as a scalar.

e A contravariant tensor of order r is a quantity whose n” components a®1“2" " are
transformed according to

i ol oul2 ouPr

Eﬁlﬁzmﬁr — gmaza L.
ou®r Juz oulr

(167)

under change of coordinate system in Euclidean n-space.

e A covariant tensor of order s is a quantity whose n® components b,,,,...,, are
transformed according to

- ou”r our? ou”s

b.u’ll'LQ"'Ms = bVlVZ"'Vs 3@“1 6@“2 T aa/_ts (168)

under change of coordinate system in Euclidean n-space.

e A mixed tensor, contravariant to order r and covariant to order s, is a quantity

whose n"* components ¢, ,, ..., ****"*" are transformed according to

B1B2+Br —¢ a1z ourt du”? ou’s 8ﬂﬁ1 8ﬂﬁ2 3%57

Cpuy oo ViV v 9T 9ur2 M Qulr Out2  Oulr (169)
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